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57. HanmmonaJjia oammIimajia mo Mmaremaruka, ObjgacTteH Kpbr

Tema 3a 11. kJ1ac
IIbpBu men, 19 anpma, 2008 r.

3amaua 1. Jlagena e apuTMeTUIHA IPOIPECUSL (1, Ao, . . . , Oy, - - ., 38 KOSITO € HU3I'bJIHEHO
ai.as < 0m

1 1 1 3
(a1+a2+a3) <7+*+7) = ——.
ay Q9 as 8

. Qnp,
Jla ce namepu Hali-MaJIKOTO €CTECTBEHO YHCJIO N > 2, 38 KOETO — € TOYEeH KBaJpaT Ha
Q2
€CTeCTBEHO YUCJIO.

Pemnenne. Axo d e pasnukara Ha IIPOrpecHUsiTa, KATO U3IOJ3BAME PABEHCTBATA (] =
as —d u az = as + d, nojyuaBame, 9e paBeHCTBOTO OT yCJIOBHETO € €KBUBAJICHTHO Ha

3a3 — d? 3

3a9.— 55— = ——
as(a3 — d?) g
2 2 5 8 o
oTKbsieTo 25a; = 9d°. Ako d = —gaz, TO Q. = gag A TOraBa (1G9 = §a2 > 0.
aiq
Caenosarenno d = gag 1 TOTaBa (1 = _§a2. HupextHa MpoBepka MoKa3sa, ue — = 16
az

a

n pu n < 11 gacTHOTO — Hee KBaJIpaT Ha ecTecTseHo 1ucio. ClesoBaTre/iHo ThbPCEeHOTO
a2

quciio e n = 11.

Kpurepuu 3a oneHsaBaHe:
Ba nostyuapane na 25a3 = 9d* Wpu aHaJoruuHa Bpb3Ka — 4 TOUKH;

5
3a OTXBBLPJITHE Ha Caydas d = ——as — 1 TOUKa;

3a momydaBane Han.= 11+~ 2 Toukm.

3anaya 2. BoB.BbTpemHocTTa Ha paBHOCTpaHeH TpublbJHUK ABC e m3bpana TodYka
O. Cumerpuunure Toukn Ha Touka O cupsamo crpanure BC, CA u AB ca o3HaveHn
coorBeTHO ¢ Ap, By m C1. [a ce mokaxke, ue upasure AA;, BB; u C'C] ce upecudar B
eJIHa TOYKA.

sin ¢ CAA; sin ¢ ABB; sin 4 BCC)
sin ¢ BAA; sin ¢ CBB; sin ¢ ACC)
JIEHUETO IIe CJIe/IBa OT CHHYCOBUsI BApUaHT Ha Teopemara Ha Hesa. OT cuHycoBaTa TeopeMa

sa ANAAC nu AAAB noaygaBame pasencrBata sin < CAA; = CA, SH;{(ZO +2)
1
BA; sin(60° + (1)
AA,
sin ¢ CAA;  CA;sin(60° +2)  OC sin(60° + v2)
sin ¥ BAA,  BA;sin(60° + 3,) OBsin(60° 4+ 3;)

Pentenne. [lle mokazkem, e A = =1 u TBBp-

usin ¢ BAA; =

. OTTyK TIOTy"IaBaMe

1



sin ¢ ABB;  sin ¢ BCC)
sin ¢ CBB, " Sin JACC

C.He,H, AHAJIOTUIHU IIPpECMATAHUA 3a , HOJIydJaBaMe

_ OC OAOBsin(60° + 72) sin(60° + ap) sin(60° + F2)
~ OB OC OC sin(60° 4 71) sin(60° + ay) sin(60° + #)

ropayt 60° + v + 60° 4+ v = 180° u aHajOruvYHUTE PABEHCTBA 38 OCTAHAJIUTE HIVIU.
Kpurepuu 3a oneHaBaHe:

sin ¢ CAA,;

sin ¢ BAA,
3a gexiapupane, de Ie ce M3I0JI3Ba CHHYCOBUAT BapUaHT Ha Teopemara Ha Uesa — 1

TOUKA;

3a IIpaBUJIHO U3Pa3gABaHE Ha I aHAJIOTUIHUTE OTHOIIEHUud — 3 TOYKU]

3a mpaBWIHO TTOJTydaBaHe Ha n3pa3a A — 1 Touka;
3a mznossBane Ha 60° + v 4+ 60° 4 v = 180° u jToBBLPIIBAHE 1A PEHIEHNETO — 2 TOUKH.

Bagaua 3. Heka a u b ca ecrecrBenn umcia. la ce mbkaxe, de pexunara {a,}oo,
3aa/leHa ¢ PaBEHCTBATA (1 = 4 U Api = ¢(a, + b) n 21 € oppanndena.

(3a eamo ecrectBeno 1ncio k ¢ (k) o3nadaBame GPOSIT Ha €CTECTBEHNTE UUCIIA, KOUTO
ca [O-MaJIKH OT k ¥ ca B3aUMHOIPOCTH C K.)

Pemntenne. /la pasrienanve auciara N!1+2{ N'+3,..., NI+ N, kbaero N e ecrecTBEHO
qncio, 3a koero N > a u N > 2b + L. ITenexe p(a, + b) < a, +b — 1, 1o BCeku wien
Ha peJuIara e Haii-MHoro ¢ b — 1 mo-rojisim Ot mpéaaus. ClreJ0BATe/THO WM PeJIuiaTa
e orpaHdYeHa, WM CbIIEeCTBYBa k 3a KoeTO @y < N!+ 2 u apyq e HiIKoe OT u3bpaHuTe
quca. ToraBa agy1+b OTHOBO € 3MENK Ly TE3U YUC/Ia U CJICJOBATETHO UMA IPOCT JIeTUTE]T

-1
p < N. Ho ako npocroro gueno p genn t, 1o p(t) < t.L, OTK'bJIETO TTOJydaBaMe
ag = tp(apt +b) < (N4 N5 < N 42,
KATO MOCJICTHOTO HEPABEHCTBO ¢ ekBuBasieHTHO Ha N! > N (N — 3), KOeTO € 09eBHIHO.

[Momyanxme, qe arp o < NT+ 2, T.e. pesuiiara e orpanuveHa.

Kpurepuu 3a onensBaHe:
3a 1mocouBaHe Ha FOPHA I'PAHUIA 3a pejuiara — 1 Touka,;
Ba Bapua dopmyiia 3a @(n) — 1 Touka,
-1
3a mepasencrsa or poja Ha (t) < 2= TOYKA;

3a ocraHajaTa JacT OT PEIICHUETO — 4 TOUKH.



Bropu nen, 20 anpus, 2008 r.

3anayga 4. B okpbxkuOCT ¢ pajumyc R = 65 e Bincan getnpnbrbannk ABC D, 3a KOWTO
AB =50, BC =104 u CD = 120. Jla ce namepu crpanara AD.

Pemenune. Ako O e meHTHPHT Ha OKpbKHOCTTA, a M m N ca cpequm CbOTBETHO
Ha crpanure AB u CD, to OM = /652 —252 = 60 u ON = /652 —60? = 25.
CrenoBareio AAMO = AON D, oTKBJIETO TOTyIaBaMe

4 AOB+ 4 COD = 2(¥ AOM+ < DON) = 180°.

Torasa JAuaroHaJinTe Ha Y€TUPU'bI'bJIHUKA Ca NEPHEHAUKY/IAPHU, OTK'BIETO

AD = VAB?2 + CD? — BC? = V6084 = 78:

Kpurepuu 3a orensaBaHe:

1. 3a mpecTaBEHOTO peEIenHne.

Ba jokazsane Ha ANAMO =2 AOND — 2 Toukwu;

Ba nokaszsane na 4 AOB+ < COD = 2(J4 AOM+ $DON) = 180° — 1 Touka;

3a m3Bo/Ia, Ue IuaroHaJIuTe ca MeplIeHIuKyiEpaEn < 1 Touka;

Ba uznomssane na AB? + CD?* = AC? + BD? u iamupane na AD — 3 Touxmu.

2. 3a pemenue ¢ HaMupaHe Ha cunyeute u kocunycure na 4 AOB, 4 BOC u 4 COD
u csiest ToBa npecmsTane Ha < COD.

3a onpejiessine Ha BeeKH oT cuHycnze u kocunycure va S AOB, ¢ BOC u 4 COD —
o 1 Touka Ha BbIbJI;

Ba npecmgarane Ha cuHyc win kocuryc Ha < COD — 3 Touku;

3a onpenensne na AD 1 Touxa.

Bamauva 5. a) Jlagena e peftuiiara a, = {/n, n =1,2,.... [la ce gokaxe, e lim a, = 1.
n—oo
6) Heka f(z) e monmueMm, KoeduiuenTuTe Ha KONTO Ca TOJIOKUTETHU PEaIHU YUCIA.

a ce nokaxe, 9é pequnara b, = {/f(n), n =1,2,... e cxousia u 1a ce HAMepH HefiHATA
rpaHuUIA.

2 n
Pemenne. a) [Ibpso me mnokaxkem, de n < (1 + U) . Haucruna npu n = 1
n

HEPaBEHCTBOTO € O4Y€BU/HO, a IIPpU T 2 2 nmame

2\" 2 nn-1)2 2
I+ = =14ny/-+—F——+-->1+m/—+n—-1>n.
n n 2 n n

[2 [2
Torasa 3a Besiko n umame 1 < a,, < 144/ — U TBbpAEHUETO CJIeBa OT lim (1 + ) = 1.
n n—oo n



6) Heka deg f(x) = k. fcno e uwe cobmecrByBa N, TakoBa ve upu n > N mmame

1 < f(n) < n**l Crenosarenno 1 < b, < (/n)™. Twit karo or a) nuawme, we
1

lim ({”/ﬁ)]€+ =1, 10 nh_{gob” =1

n—oo

Kpurepuu 3a orieHsiBaHe:

Ba a) — 3 TouKn

Ba 6): 3a onpeensine va 1 < f(n) < n* zan > N — 3 Touku;
Ba npusarare Ha a) U JOBbPIIBaHE HA perieHneTo — 1 TouKa.

Bamada 6. Heka k e ecrecrseno uncino. OsnagaBame ¢ f(k) Haf-rosssMOTO €CTECTBEHO
9HCIIO0, 38 KOETO ChINECTBYBa MHOXKeCTBO M 0T ecrectBenn uncna ¢ f(k) exementa, TakoBa
Te:

1. Beceknu enement ma M e menuren ua k.

2. Hukoii eiement na M He jiesin JIpyr HErOB €JIEMEHT.

Jla ce jokaxke, 4e ako m U M ca B3AUMHOIPOCTU €CTECTBEHH UlCIIa, TO

f(n.2™) f(m.2™) = f(mn2"™*").

Pemenne. Ile gokaxeMm, ye ako k = p{'ps?...pt u a1 2 as + ag + -+ - + ay, 10 f(k) =
(ag+1)(az+1)...(u+1), Te. f(k) e ToHO OPOST HA fenuTeUTe HA TUCIOTO P52 . . . pit
Ja osnaunm A = (as + 1)(az + 1) ... (q + 1)s Ako |M| > A, 1o 1ie cblecTByBaT JiBa
erementa or M or Buga pi'd u pi*d, Karo € [CHO, e eIUHUs [N JPYTUsl, OTK'bIETO

namupanme, de f(k) < A. Jla 3abesrexkuM, 4e MHOKECTBOTO
M = {p?l_(ﬁﬁerﬁt)d | d=p2 .. pP e nemren ma pg? .. it}

nmMa nckanure ceoiicrBa. Caenosazesnno f(k) > A, re. f(k) = A.

[Towe egrOTO UNCTO OT ™M U N, € HedeTHO. Be3 orpanndenue npuemMame, Ie n € HeIeTHO
um = 2t.m; 3at > 0sKaTo (m1,n) = 1. ITorexe n e 0-TOJIAMO OT cOOpaA Ha CTEIIEHUTE HA
IIPOCTUTE CU AEAUTE/N, TO B KAHOHUYIHOTO pasjarame Ha n.2" u m.2™ mpocTHAT JIeTUTes
2 mpuTexkaBa HeOOXOMAUMOTO CBOHCTBO.

Torasa f(n2") e.6posit Ha jgenurenure Ha n, f(m2™) e OpodT Ha JeauTeNUTE HA
my, a f(mn2™t") e Gposar Ha geamresnure Ha nmy. Craeposarensno f(n.2")f(m.2™) =
f(mn2m+m).

Kpurepuu 3a orensaBaHe:
Ba ompeiensine Ha Tounara croitnoct Ha f (k) Korato ag > ag+ag+- - -+ ay — b ToUKH;
3a mpuiaraHe Ha TOBa CBONCTBO B 3ajadara — 2 TOUKH.



