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Kpatku penienust Ha 3ajaunte

3azavya 11.1. /lagenu ca pa3jMyHM IEJH 4ucaa a, b ¥ ¢, Kouto 0Opa3yBar
apuTMeruuHa nporpecusi. CbliuTe Yuciaa, eBEHTYAJHO B HSIKAKbB IPYT pPem,
obpa3ysar reomerpuyHa nporpecus. Ja ce mokaxe, ue a’ + b? + ¢ ce memu Ha
21

Pewenue. Ot ycnoBuero umame a + ¢ = 2b. Tbit karo umnciara obpasysar
reoMeTpMyYHa MPOrPEeCcHsi, aKO €JHO OT TAX € PaBHO HA HyJlIa, TO U OPYTHUTE
JIBe YHC/Ia ca HYyJH, KOeTO € TIPOTHBOpeYue C ycioBmero. B 3aBucumocT OT
nozpeabaTa Ha YMCIATA B FeOMETPHYHATA mporpecus, umame b’ = ac, a® = be
win ¢ = ab, KATO NOCJIENHATE IBa ClIydas ca amanornduu. Axo b’ = ac, To
(a+c)? = 4b? = 4ac, otkbaero (a—c)? =0, Te. a = c. OTTyK a = b = ¢, KoeTo

e TIPOTUBOPEYHE C YCJIOBUETO.
2

a

Koraro a? = bc monygaBame a + w2 b 2b, otkbaero a? + ab — 262 = 0.
Pemenunsita Ha TOBa XOMOTE€HHO ypaBHEHHE ca a = b (KOeTo e IpOoTHBOpedYHe
¢ yciosuero) u a = —2b. Cnenosaresrno ¢ = 2b — a = 4b u Torasa c6opbT

a? + b% + ¢ = 21b? ce menwna 21.

Sanmaua 11.2. Janen.e AABC c vronononossma CL (CA # CB, L € AB).
Brncanara B TpUbIbJIHUKA OKPBIKHOCT ce momnupa no crpanute AB, BC u CA
cbOTBETHO B TOuku M, N u P, a BbHIIHOBIHCAHATA OTKbM AB OKpPBXKHOCT ce
jponupa 10 AB u npoabikenusita Ha CA u CB cboTBerHo B Toukn (), K u T'.
Heka k1, ko 1 k3 ca onucanuTe OKpPb»KHOCTH ¢bOTBeTHO 0KOI0 APKL, ANTL

n ACMQ.

a) la ce jokake, ye BTOpaTa IpecevyHa TO4Yka Ha kj W ko Jiexku Ha mpaBaTa

CL.
6) a ce mokazke, ue kq, ko u k3 ce npecuyar B eIHa TOYKA.
Pewenrue. a) IIpu ocera cumerpus ¢ oc npasara C'L Toukure P u N ca cumer-

puyHH, KakTo 1 Toukute K u 7. CnemosaresHo k1 1 kg CbII0 ca CHMETPUYHH,
OTK'bIETO CJIEIBA TBbLPIECHUETO.



6) Heka X e BropaTa mnpecedna
Touka Ha k3 wu mupasara CL.
CbrmacHo a) €  JIOCTaTb4HO
na JIOKaXkeM, d4Ye k; MHUHAaBa
npe3 X, KOETO € eKBHBAJIEHTHO
ma  CLUOX = CFPUCK. i
CTAHJIAPTHUTE O3HAYEHUST 3a
TPU'BI'bJIHMK, KAaTO  H3I0JI3BaMe
pasenctBoro CL.LX = ML.LQ
u dopMysiaTa 3a BIJIONOJOBIIIATA
CL? = ab — AL.BL, nonyuaBame
NOCJIEI0BATETHO

CL.CX =CP.CK CL(CL+LX)=(p—c)p

CL? + ML.LQ = (p —€)p

CL*+[LA- (p-df] (BB~ (p—a)] = (0~ O)p
CL?>+ LA.LB —¢c(p—a)+(p—-a)’=(p—c)p
ab — cp + ac+p*— 2ap + a* = p? — pc

a(a + bF ¢),=2ap,

[0

KOeTO € O4YeBHJIHO BSIPHO.

Bagaua 11.3. Jlagenu ca 2n BHHIIHO Hepa3juduMu MoHeTH. V3BecTHO e, de
N OT TSIX UMAT €JHO M €bINO Terjio @, a OCTAHAJUTE N MOHETH CBIIO ca C
eqHo M cbilo Terno by Karo a < b. Pasmosarame ¢ kaHTap, ¢ KOHTO MOXKEM
Ia Tpereryium obIIoTO TErJIo Ha KoM Ja ca n oT MoHeTHuTe. [la ce mokaxe, 4e ¢
n + 1 npereryisiHust ¢ TO3W KAHTAp MOXKEM J1a HaMepuMm a u b.

Pewenue. Heka aq, as, . . . , as, ca JaJeHUTe MOHETH U Ha ¢-T0TO, 1 = 1,2,...,n+
1 mperernsiHe Ja IOCTABUM HA KAHTAPA MOHETHTE 41,a2,...,0n—1,0n4+i—1. a
03HAYNM OOIIOTO TEerJIo Ha MOHETUTE a1, a3, . . . ,dn—1 ¢ A. [Ipn Bcako nperernside
KaHTapa Iie IMoKa3Ba ABe Bb3MOXKHH Terna: A 4+ a niu A + b B 3aBHCUMOCT OT
TErJ0TO HA MOHETATA Gnii—1. 1'bil KATO H3MEXIY MOHETHTE Up,0n41,---,02n
HIMa 1 OT JBaTa Buja, To p > 0 OT NpeTerIsTHusATa ca JaJIi eIiH U CbIU Pe3yJITaT
x, a ocTaHagnTe ¢ = n + 1 — p > 0 mpererisiHus ca JaaIu pe3ynTaT y u 6e3
orpanuuyenue r < y. ToBa O3HA4YaBa, 4e U3MEXKJY MOHETHUTE Gn,Onil,---,02n
HMa TOYHO P MOHETH C TEeryio a u ¢ MoHeru ¢ teryio b. CiieqoBaTeIHO U3MEXKIY
MOHETHUTE a1,asg, . ..,0n_1 UMa N — P C TErJI0 a u n — ¢ ¢ Terao b. CnemoBaTenHo
(n—pla+(n—q)b+a =2z u (n—pla+(n—q)b+b=y. Usnonspaiiku, e



ga+(p— b=z

- -1 ‘
n=p+gq TI0JIy4aBaMe CHCTeMaTa, (= Da+pb=y

OTK'bIETO

E-ypty ,_ @-z)g+z
n n

==

3amaua 11.4. Heka ng,ny,...,Ng0s Ca AANEHH eCTECTBEHH gyucna, a M e
MHO>KECTBOTO OT BCHYKH IOJHHOMH f () = agz?0084q,22007 .. “+a2007Z+a2008,
TakuBa Je 3a BCAKO 4, 0 < 7 < 2008, umame q; € {1,2,..., n;}. Ja ce onpenenu
KOu nosimHOMH OT M ca noseve: Te3u, Ha KOUTO BCHYKH KODEHH Ca I YHUC/Ia
UJIM T€3H, KOMTO HSIMAT HHTO €IMH PeajleH KOpeH.

Pewenue. Heka f(xz) € M u Bcwuxu HeroBm Kopenu ca nesu umcia. ITomese
NOTAHOMUTE OT M HSIMAT HeOTpULATENHH KopeHn, To f(z) = ap(z + oq)(z +
@z) ... (z+ag008), KATO @; Ca ECTECTBEHH YHCIIA, KOUTO 663 OrPaHNYEHHE MOXKEM

Jla CYHTaMe HapeleHu IO rojieMuHa: a; < az < --- < aggos. Pazrniexx name
NOJIHHOMA
z) = ao[z?®® + 092 4+ (11005 +1)2%%% + o) 0rp 22005 4

+(o 2004

(1090110051006 + 1z £

+(o1a ; 2
(g ... 100321005 - - - 2007 + 1)z* +

+a102011004% + Q109 ... . Q100401005 - - - X2008)-

Moxem na npexcraBum f*(z) KaTo cyMa OT TPUUIEHH OT BUIA

t$2k—1 2k—2.

2%k
A0 .. 0 + (102 ... opa1005 . . . @100441)T

Cnen n3nacsne na 22 mpen ckobu, nosmyuasame KBaJIpATE€H TPUYJIEH C JIUC-
KpuMmuHaHTa D = o L .oy (@ ... o — doggps - . Qi¢4+1004), KaTO OT Hapenbara Ha
Kopernte ciensa, e . < 0. Tosa osnauapa, ye f*(z) Hama peannm Kopenw,
nonexxe f*(z) > 0 3a Besiko z. Ocseno ToBa or dopmysuTe Ha Bmer snecno
ce BIKJA, ve ako f(z) € M, o f*(z) € M. Cbmo Taka ako f(z) # g(z),
fr9 € M, To f*(z) # g*(x), 3amoTo unaue cropex IPUHIUIIA 32 CPaBHSIBaHEe -
Ha KoeduimenTuTe, me nonyanM, e f(z) u g(z) uMar exnu u chum KODEeHHU H
crapmn koedunuentn, re. f(z) = g(z).

IIpu ToBa cbrnocrabsiHe ogeBuaHo mommuoMa 22008 4 22007 4 .. 4 > 1 1 ge
€ ChIIOCTaBeH Ha HHUKOM, a Toit e or M u HsaMa peannn kopenn. ClemoBaTesHo
NOJIMHOMETE 0T M, KOMTO HAMAT HUTO €UH PeaJeH KOPEH ca ToBevYe OT IIOJIH-
HOMUTE OT M, Ha KOHTO BCHYKM KODEHH CA LIEJH YHCJIA.





